In this paper, we investigate the properties of membrane in the M5-branes background.
Introduction
In eleven-dimensional M theory, there exists two extended brane solutions, i.e membrane and M5-brane. The membrane was recovered in [1] as an elementary solution of D = 11 supergravity which preserves half of the spacetime supersymmetry, which is a electric source of four-form field. While, the M5-brane was found in [2] as a soliton solution of D = 11 supergravity also preserving half of the spacetime supersymmetry, but is magnetic source of the same four-form field. These extended brane solutions can be related to the corresponding brane solutions in ten-dimensional string theory. After performing the compactification and some dualities, these branes can be reduced to D-branes or other brane solutions in string theory [3] .
In this paper, we will investigate the properties of M2-brane in the M5-branes background. Here, we will not investigate the cases of the brane intersection. Instead, we are mainly concerned with the classical dynamics of membrane in the given background. As will be illustrated, due to the gravity force of M5-branes, the membrane evolves nontrivially.
In the 11-dimensional supergravity, the classical solution of N coincident M5-branes reads
2 , µ, ν = 0, 1, · · · , 5, i, j = 6, 7, 8, 9, 11 (1.1) and the 4-form field strength takes the form
where the dv S 4 denotes the volume form of a unit S 4 and l p is the Planck length in the 11-dimensional theory. The N coincident M5-branes are parallel to the x µ directions and located at R = 0 in the transverse space. In the near horizon limit R → 0, the harmonic form H will become H = πN l 3 p R 3 , and the metric (1.1) takes the following form
where µ, ν = 0, 1, · · · , 5, i, j = 6, 7, 8, 9, 11, and the four-form field F 4 will have the same form as (1.2).
As in [4] , if we suppose that there are a periodic configuration of N coincident M5-branes along the x 11 direction at intervals of 2πR 11 , and take the limit of 1 ≪ r/R 11 , then our background metric and the 4-form field strength will become
where µ, ν = 0, 1, · · · , 5, i, j = 6, 7, 8, 9 and 0 ≤ φ ≤ 2π . We can see this metric has an so(4) symmetry group of rotations in the directions transverse to the M5-branes. In the near horizon region r → 0, the harmonic function f becomes f = N ℓ 3 p R 11 r 2 . While, the other parts of background (1.4) remain unchanged. Actually, the metric (1.4) can reduce to N coincident NS5-branes solution in ten-dimensional string theory. If letting the radius of x 11 coordinate approach to zero, then the metric (1.4) will lead to N NS5-branes solution in string theory [5] .
Here our interest will be in the classical dynamics of a M2-brane in the above backgrounds. Unlike the coincident D-branes in string theory, which can be described by the effective action [6] , for the coincident membranes, their worldvolume action is still not very clear [7] . We choose the worldvolume coordinates of membrane as x 0 , x 1 , x 2 , and those of M5-branes as x 0 , · · · , x 5 . Hence M2-brane is "parallel" to the M5-branes, i.e it is extended in some of the M5-brane worldvolume directions x µ , and point-like in the directions transverse to the M5-branes (x 6 , x 7 , x 8 , x 9 ). Indeed, this configuration breaks supersymmetry completely. We can label the worldvolume coordinates of the M2-brane by ξ µ , µ = 0, 1, 2, and use reparameterization invariance on the worldvolume of the M2-brane to set ξ µ = x µ . The position of the M2-brane in the transverse directions, (
give rise to scalar fields on the worldvolume of the M2-brane, (X 6 (ξ µ ), · · · , X 9 (ξ µ )). A single M2-brane worldvolume action [8] is given by the sum of the Nambu-Goto action and the Wess-Zumino type term in the following form
where the tension of the M2-brane is expressed as T 2 = 1/4π 2 l 3 p , and P [· · ·] means the pullback operation
The indices M, N, L run over the whole eleven dimensional spacetime. And
are the metric and form field in eleven dimensions. In the following sections, we will discuss the M2-brane classical dynamics in the above backgrounds, and suppose that the transverse coordinates of M5-branes only depend on the time coordinate. In this case the Wess-Zumino term in the membrane action will vanish.
Classical dynamics of membrane
Now let us consider the membrane dynamics in the background (1.1). Since we have supposed that the directions transverse to the M5-branes X i are only the function of time t, where i = 6, 7, 8, 9, 11, the pullback quantities are as following
So substituting the above equations (2.1) into the M2-brane action
where V is the space volume of the M2-brane, also i = 6, · · · , 9, 11. We can find it is very similar to the corresponding one in [9] which is the DBI action of D-brane in the N NS5 branes background. Then the Hamiltonian
and the equation of motion is d dt
Using the equation of motion (2.4), one can check the energy is conserved. To solve the (2.4), we need the initial conditions that it is X(t = 0) and˙ X(t = 0). These two vectors define a plane in R 5 . By an SO(5) rotation, we can rotate this plane into the (x 6 , x 7 )
plane. Then the motion will remain in the (x 6 , x 7 ) space for all time. Thus, without loss of generality, we can study trajectories in this space. In the polar coordinates
Then, the angular momentum density
and the energy density
In addition to the energy, the angular momentum of the M2-brane is conserved as well.
From the membrane action (2.2), we can obtain energy momentum tensor, the components of T µν are
and the other components of stress tensor are zero. From the angular momentum L θ equation (2.6) and energy density E (2.7), we can get the equations of the coordinates R and θṘ
(2.10)
For simplicity, we can first consider L θ = 0 case, then the radial equation iṡ
The right hand of the above equation can't be smaller than zero, so we get a constraint condition for the coordinate R is
From the above equation, we can see if the energy density E is larger than the tension of a M2-brane, T 2 , the constraint (2.12) is empty and the M2-brane can escape to infinity. However, for E < T 2 , the M2-brane does not have enough energy to escape the gravitational pull of the M5-branes, and it cannot exceed some maximal distance from them.
If the R near zero, we can analyze the equation in the near horizon limit, i.e in the background (1.3), hence the harmonic function chooses as H = πNl
The left hand of equation (2.13) is nonnegative, so the coordinate R has a maximal value
1/3 . Also from this equation, the minimal value of R is zero. Except for these two, there are no other extremum. But there is one inflexion between points R = 0 and
1/3 . We can regard the M2-brane is at the maximal value
at the initial time. Due to the gravitational force of M5-branes, the M2-brane then rolls down to the M5-branes. As the time t → ∞, the radial coordinate R approaches to zero.
We can calculate the energy momentum tensor which is
as the R → 0, the T ij will approach to zero. It may regard as the pressure decreasing to zero.
To the nonzero case of angular momentum. The radial equation of motion is (2.9).
We also can get the constraint condition for radial coordinate R
For choosing equal case of the above equation, the constraints becomes
The above equation only has one real root which is the maximal distance that M2-brane is separated from M5-brane. For simplicity, now we consider under near the horizon limit (1.3), the equation (2.9) becomė
It is still very difficult to get the solutions of this equation. Instead, here, we take some analysis for this equation. As for the case of L θ = 0, this equation gives some constraints to the radial coordinate R. We let the left hand of the equation (2.16) to zero, then we can get the extremal value for R. Actually, there are two only two real extremal values of the radial coordinate R. One is R = 0, the other is
When L θ = 0, the above R value will reach the πNE 2 l When the R reaches value (2.17), the angular velocity will choose the maximum, and as the R → 0, the angular velocity does also approach to zero. The energy momentum tensor satisfies
Thus, it again goes to zero as in the L θ = 0 case.
From section (1), we already know, under compactifying a periodic circle of coordinate x 11 , the metric (1.1) will become background (1.4). In the following, we study the membrane dynamics in this background (1.4). Here, we still suppose the directions transverse to the M5-branes X i and X 11 are only the function of time t, where i = 6, 7, 8, 9, then the pullback quantities take the form as following
11Ẋ 11
After inserting (2.18) into the M2-brane action (1.5), we can get
where V is the space volume of the M2-brane. This action is also very similar to action in [9] except for the harmonic function and dimension. From the Lagrangian, the equations of motion of the membrane take the form as followes
Due to some symmetry of this system, there are also some conserved charges. Time translation invariance implies that the energy
is conserved. The momentum is obtained by varying the Lagrangian L,
Substituting (2.23) into (2.22) we find that the energy is given by
And since the harmonic function f = 1 + N ℓ 3 p R 11 r 2 , then one of the equations of motion takes as the form d dt
To solve these equations, we need to specify initial conditions. One condition is X(t = 0)
and˙ X(t = 0). These two vectors define a plane in R 4 . By an SO(4) rotation symmetry, we can rotate this plane into the (x 6 , x 7 ) plane. The other one is φ(t = 0) andφ(t = 0).
Then the motion will remain in the (x 6 , x 7 , φ) space for all time. Thus, without loss of generality, we can study trajectories in this space. In addition to the energy, the angular momentum of the M2-brane is conserved as well. It is given by
Using the expression for the momentum, (2.23), we find that
Another interest quantity is the stress tensor T µν associated with the moving M2-brane. The component T 00 denotes the energy density, so it is given by expression for E, (2.25), with the factor of the volume stripped off. We list the components of T µν in following
and the other components of stress tensor are zero.
Due to the so(4) rotation symmetry in the transverse directions of M5-branes, it is convenient to change to the polar coordinates
In these coordinates, the expressions of the energy density and angular momentum density
One can check directly that L θ and L φ are conserved by using the equations of motion (2.26) and (2.27).
In order to solve the equations of motion for given energy and angular momentum densities E, L θ and L φ , we would like to solve the equation (2.33) forθ and substitute this solution into the (2.32). The solution forθ iṡ
(2.35)
Inserting it into (2.32), (2.33) and solving forṙ, we finḋ
.
(2.36)
In the next, we would like to study the solutions of the equations of motion (2.35), (2.36) and (2.37).
To consider the case of vanishing angular momentum L θ = 0. Then Equation (2.35) implies that θ is constant, while the radial equation (2.36) takes the forṁ
(2.38)
The solution is restricted to the region in which the right hand side of (2.38) is nonnegative. Substituting the form of f , (1.4), we find the constraint on r (for fixed energy density E) Nl
where we can define the effective M2-brane tension is
(2.40)
From constraint (2.39), obviously, if the energy density E is larger than the effective tension of a M2-brane, T e , the constraint (2.39) is empty and the M2-brane can escape to infinity. For E < T e , the M2-brane does not have enough energy to escape the gravitational pull of the M5-branes, and it cannot exceed some maximal distance from them.
In the near horizon limit geometry, the harmonic function is f = N l 3 p R 11 r 2 , then the equation (2.39) will become
, the effective tension of membrane T e satisfies the constraint T e /E >> 1. However, r >>
, the case will be otherwise. Indeed, in this near horizon case, we can solve for the trajectory r(t), φ(t) exactly. Substituting the harmonic function f = N l 3 p R 11 r 2 into (2.38), we find the equation of motionṙ
Then the solution can be obtained
where we choose t = 0 to be the time at which the M2-brane reaches its maximal distance from the M5-branes. For an observer living on M5-branes, the M2-brane reaching r = 0 will take an infinite time. Also, the M2 radial motion is similar to D-brane's motion in [9] .
And the equation of motion (2.24) becomeṡ
(2.43)
Substituting the solution r into equation (2.43), we can get the equatioṅ
then, the solution of equation (2.44) is
It is interesting to calculate the energy momentum tensor of the M2-brane in this case.
The energy density T 00 is constant and equal to E throughout the time evolution, whereas for T ij and T φφ we can find
We see that the pressure goes smoothly to zero as r → 0, since f (r) ∼ 1/r 2 .
So far we have discussed the trajectories with vanishing angular momentum density (2.33). A natural question is whether anything qualitatively new occurs for non-zero L θ .
Just as [9] , we can think as the following, the radial equation of motion (2.36) can be thought of as describing a particle with mass m = 2, moving in one dimension (labeled by r) in the potential
with zero energy. The potential V eff has the following features. The leading behavior for small r is
For large r, we have instead
If the energy density of the M2-brane is smaller than the effective tension of a M2-brane, E < T e , such that it cannot escape to infinity, V eff approaches a positive constant (2.49)
as r → ∞. It is then easy to show that in order to have trajectories at non-zero r, the angular momentum must satisfy the bound
If (2.50) is not satisfied, the only solution is r = 0. If (2.50) is satisfied, the trajectory of the M2-brane is qualitatively similar to that in the L θ = 0 case. In particular, it approaches the M5-branes (i.e r = 0) both at very early and very late time, and does not have stable orbits at finite r.
For T e >> E, the whole trajectory lies again in the region r << Nl 3 p /R 11 , and one can approximate the harmonic function ( 
with the solution
We see that non-zero angular momentum slows down the exponential decrease of r as t → ∞. From (2.35), we see that in the near horizon limit r 2 f (r) = Nl
The solution (2.52), (2.53) describes the M2-brane spiralling towards the origin, circling around it an infinite number of times in the process. The equation about φ iṡ
The solution of the above equation is
At t = 0, the φ = 0, however, the time
Thus, the non-zero angular momentum L θ slows down the variation of φ. From the three solutions we know that the M2-brane is circling along the θ direction, varying along the φ and falling down towards the M5-branes in the process. Also, the energy momentum tensor T ij and T φφ will approach to zero as r → 0, since f (r) ∼ 1/r 2 .
In the background (1.4), the results about the dynamics of a M2-brane have some similar properties as studying in [9] . This can be understood that the D2-brane and NS5-brane in IIA can be got by compactified one transverse dimension of M2-brane and M5-brane in M theory. The solutions of equation of motion describe the M2-brane falling towards the M5-branes. In the non-zero angular momentum L θ , the M2-brane is spiralling towards the M5-branes. But both in this two case, M2-brane has a angular momentum L φ . As to mentioned, the background (1.4) is only correct the limit of 1 ≪ r/R 11 . As the M2-brane approaches to the M5-branes, the energy momentum tensor T ij and T φφ approach zero. It behaves like a pressureless fluid. This is just like the late time behavior of unstable D-brane [10, 11, 12, 13, 14 ].
In the above sections, we investigated the membrane classical dynamics in various M5-branes backgrounds. There may be some generalizations, since under the Penrose limit, the N coincident M5-branes solution (1.1) will reduce to the AdS 7 × S 4 geometry.
Hence one can investigate the membrane dynamics in this geometry. For the (1.1), (1.4) and their near horizon background geometry, after calculating the classical equations of motion of membrane from the membrane action (1.5), we can analyze the moving trajectories of membrane. In some particular cases, we can get the exact solution of trajectories of membrane. However, generally, the equations of motion is very difficult to solve. But through analyzing these equations, we still can obtain some qualitative information about the motion of membrane. Consequently, in the M5-branes background, the membrane will be falling and spiralling towards to the M5-branes by the gravitational force of M5-branes.
